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Applications of partially quenched chiral perturbation theory
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Partially quenched theories are theories in which the valence- and sea-quark masses are different. Here, we
will discuss the nonanalytic one-loop corrections to some physical quantities, using partially quenched chiral
perturbation theory. In particular, we will focus on the results for Goldstone boson masses to illustrate the
general features of our calculation.
1. Partially Quenched Chiral Perturbation
Theory (PQChPT)
We will introduce PQChPT following the for-
mulation in ref. [1]. For simplicity, we will restrict
ourselves to the case in which there are 3 quarks
u, d and s, with masses mu, md and ms respec-
tively, and a set of N degenerate quarks qS (with
common mass mS) (the arguments can easily be
generalized to other cases). We wish to consider
lattice computations in which only the N quarks
qS contribute as sea quarks. Hence, we add three
additional bosonic quarks u˜, d˜ and s˜ with the
same other quantum numbers and masses as their
counterparts u, d and s, which will cancel the sea-
quark effects caused by the u, d and s quarks.
If one assumes that, as in unquenched QCD,
the strong interactions between these quarks are
responsible for chiral symmetry breaking and con-
finement, one expects Goldstone mesons corre-
sponding to the breakdown of the graded chiral
symmetry group SUL(3 + N |3) × SUR(3 + N |3)
to SUL+R(3 + N |3) by the vacuum state (quark
masses can be incorporated like in full ChPT).
However, the spectrum of Goldstone mesons is
enlarged relative to full QCD, and is described
by the (6 +N)× (6 +N) hermitian matrix
Φ =
(
φ χ†
χ φ˜
)
, (1)
where φ is the (3 + N) × (3 + N) matrix of or-
dinary mesons made from the 3 + N ordinary
∗presenter at conference
quarks and antiquarks, φ˜ is the corresponding
3 × 3 matrix for bosonic-quark mesons, and χ is
a 3 × (3 + N) matrix of fermionic mesons made
from a bosonic quark and an ordinary antiquark.
One can then construct, using the unitary field Σ
defined through
Σ ≡ exp (2iΦ/fp) , (2)
and the diagonal mass matrix Mˆ with entries
mu,md,ms,mS , · · · ,mS ,mu,md,ms (3)
on the diagonal (where mS occurs N times), the
O(p2) Euclidean partially quenched chiral La-
grangian as:
L =
f2p
8
str
(
∂µΣ∂µΣ
†
)
−
f2pµp
4
str
(
MˆΣ+ MˆΣ†
)
+
m20
6
Φ20 +
α
6
(∂µΦ0) (∂µΦ0) , (4)
where str denotes the supertrace, and Φ0 ≡
str(Φ) is invariant under the chiral symmetry
group, and is called super-η′. fp is the tree-level
weak decay constant; m0 and α are parameters
introduced through the Φ0 terms.
2. Interplay between m0 and mS
The O(p2) two-point functions can be read off
from the Lagrangian eq. (4). In particular, let us
consider the η′ two-point function (in the mass-
degenerate case m = mu = md = ms, and with
2α = 0 for simplicity). The two-point function
reads [1]
〈η′η′〉 =
1
p2 +m2pi
+
−m20
(p2 +m2pi)
2
p2 +M2SS
p2 +M2SS +Nm
2
0/3
, (5)
where the tree-level pion mass-squared m2pi =
2µpm, and M
2
SS = 2µpmS .
A number of comments is in order. First, the
combination m2η′ = M
2
SS + Nm
2
0/3 is the mass-
squared of the super-η′ at tree level. Second, in
the situation in which the sea quarks are inte-
grated out (hence their dynamical effects are ab-
sent), which mathematically corresponds to set-
ting N = 0 or takingMSS much larger than other
relevant energy scales (i.e. external momenta,m0
andmpi), the last factor in eq. (5) turns into unity
and the two-point function degenerates into the
form predicted by fully quenched ChPT, with the
double-pole term which gives rise to “quenched
chiral logarithms.” In the partially quenched case,
the double pole is also present for MSS 6= mpi.
The sea-quark dynamics is encoded in this last
factor in which the interplay of the two scales
MSS and m0 is evident. We will show below
in an explicit example how this interplay occurs
in physical quantities. Third, one can also envi-
sion integrating out the super-η′ whenm0 is much
larger than the other mass scales. This is the limit
considered in ref. [2]. Finally, in the unquenched
theory, which is obtained by setting N = 3 and
mS = m, we obtain for the two-point function
〈η′η′〉full =
1
p2 +m2pi +m
2
0
, (6)
in which the double pole has disappeared. Again,
the η′ decouples from the theory if, in addition,
m0 is heavy compared to other energy scales.
This corresponds to conventional ChPT in which
η′ is not explicitly represented.
We thus observe that PQChPT contains dif-
ferent mass scales (all assumed to be below the
chiral symmetry breaking scale Λp): that of the
valence quarks and those introduced by partial
quenching, i.e. m0 and mS . In particular, the ra-
tio of MSS and m0 is arbitrary. One can develop
PQChPT systematically and it “interpolates” be-
tween the fully quenched and unquenched theo-
ries. It allows us to assess the situation in which
MSS is of the order m0, which is likely to be the
case in typical partially quenched lattice compu-
tations. We have calculated the nonanalytic one-
loop corrections for the chiral condensate, weak
decay constants, Goldstone-boson masses, BK ,
all with nondegenerate valence-quark masses, and
the K+ → pi+pi0 decay amplitude with degener-
ate valence-quark masses. In the following, we
will focus only on the one-loop mass predictions
in the degenerate valence-quark limit. We refer to
ref. [3] for further discussion of other quantities.
3. Method
The complete O(p4) predictions of PQChPT
contain contributions fromO(p4) operators whose
associated coefficients are largely unknown. To
further complicate the matter, there are also
one-loop contributions, whose coefficients contain
unknown η′ coupling constants, proportional to
logm2η′ coming from Φ0 tadpoles, which thus give
rise to a complicated dependence on mS and m0.
To simplify and still make useful predictions, we
adopt a procedure in which only the loop correc-
tions nonanalytic in the valence-quark mass are
kept, and each fixed value of the sea-quark mass
mS corresponds to a different partially quenched
theory. This then allows us to ignore contribu-
tions from Φ0 tadpoles. We also expand the re-
sults in m2pi/m
2
η′ for further simplification. This
preserves the property that PQChPT predictions
give the fully quenched results for MSS → ∞,
or the unquenched result for MSS = mpi (and
m0 →∞), when comparing the nonanalytic one-
loop corrections. As the fully quenched and un-
quenched results already existed, this offers a
nontrivial check of our results.
The comparison between our results [3] and
those of ref. [2], however, is actually more deli-
cate, and deserves some more explanation. In our
case, we keep the super-η′, whereas in ref. [2] the
super-η′ is integrated out. One would therefore
in general expect that in order to “match” the
two theories, we would need to adjust the bare
parameters. For the quantities considered in ref.
3[3], it turns out that, at one loop, all nontrivial
adjustments come from Φ0-tadpole contributions.
Since we did not include such contributions, we
conclude that, for the comparison, no adjustment
is needed.
Eventually, one can obtain numerical estimates
of one-loop corrections, taking, for example, a
value like 700 MeV or 1 GeV (as in refs. [3,4])
for the cutoff Λp in the chiral logarithms. The
difference should gives an idea of the size of the
unknown contributions from O(p4) operators and
Φ0 tadpoles.
4. Physical Predictions
The mass-squared for the pions with degener-
ate valence quarks at one loop then reads
[
m2pi
]
1−loop
= m2pi
(
1−
2
3(4pifp)2
I
)
, (7)
where
I = B + (B + C) log
m2pi
Λ2p
, (8)
B =
(m2pi −M
2
SS)(m
2
0 − αm
2
pi)
m2pi −M
2
SS +
N
3
(αm2pi −m
2
0)
, (9)
and
C=−m2pi
α(m2pi −M
2
SS)
2+N
3
(m20 − αm
2
pi)
2
(m2pi −M
2
SS +
N
3
(αm2pi −m
2
0))
2
, (10)
or, after the expansion in m2pi/m
2
η′ ,
I =M2 −Am2pi +
(
M2 − 2Am2pi
)
log
m2pi
Λ2p
, (11)
and
M2 ≡
M2SS m
2
0
M2SS +Nm
2
0/3
=
3y
1 +Ny
M2SS , (12)
A ≡
αM4SS +Nm
4
0/3
(M2SS +Nm
2
0/3)
2
=
α+ 3Ny2
(1 +Ny)2
, (13)
where y = (m20/3)/M
2
SS.
We will examine the coefficients of the chi-
ral logarithm in eq. (11), which is particu-
larly sensitive to the chiral limit, in more de-
tail. From (partially) quenched lattice data, it
is estimated that m20/3 presumably has a value
m2K/2
<
∼
m20/3
<
∼
m2K (mK = 496 MeV is the
physical kaon mass) [5,6]. Typical lattice compu-
tations have N = 2 and m2K
<
∼
M2SS
<
∼
2m2K .
These values of m20 and M
2
SS correspond to y
ranging from y ≈ 1/4 to y ≈ 1. This leads to
M2/M2SS = 1/2 for y = 1/4 and toM
2/M2SS = 1
for y = 1. For y → ∞ one obtains M2/M2SS =
3/2. This shows that for relatively heavy sea
quarks, there is a clear dependence of the coef-
ficient of the chiral logarithms on m20. (Experi-
ence with quenched lattice data [5] indicates that
it is hard to fit the chiral logarithms reliably, par-
tially because of the “competition” of O(p4) co-
efficients. This may make it difficult to see the y
dependence of the chiral logarithms in practice.)
The quantity A also has an effect on the co-
efficients of the chiral logarithms, in particular
for values of the valence-quark mass of order of
the sea-quark mass. Taking again N = 2, we find
A = (8α+3)/18 for y = 1/4 and A = (α+6)/9 for
y = 1, while A = 3/2 for y →∞. It is clear that
A is more sensitive to the value of α for smaller
values of y. We note that for m/mS = 1, our
expansion parameter m2pi/m
2
η′ = 1/(1 +Ny) (for
α = 0), so that our results may not be reliable for
smaller values of y. In that case, expression (8)
should be used.
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